
 

 

 

DISCUSSION PAPER SERIES 
 

 

 

 

 

 

Efficiency in a federation with public input provision 
 

 

Kota Sugahara, Minoru Kunizaki 

 

No.2016-03 

 

 

 

 

 

 

 

 

 

京都産業大学大学院経済学研究科 

〒603-8555 京都市北区上賀茂本山 

 

Graduate School of Economics 

Kyoto Sangyo University 

Motoyama-Kamigamo, Kita-ku, Kyoto, 

603-8555, Japan 

 

 

2016/04/05 



E¢ ciency in a federation with public input
provision

Kota Sugaharaay and Minoru Kunizakib

a Faculty of Economics, Kyoto Sangyo University, Motoyama Kamigamo,

Kita-ku, Kyoto, 603-8555, Japan

b Faculty of Economics, Aichi University, 4-60-6, Hiraike-cho,

Nakamura-ku, Nagoya, 453-8777, Japan

April 5, 2016

Abstract

We examine e¢ ciency in a federal system in which di¤erent tiers of

government provide public inputs and their tax bases overlap in two taxation

models: unit labour tax �nancing and an ad-valorem labour income tax

�nancing. In contrast to the �ndings of the previous literature, we show

that the federal government can internalize vertical �scal externalities and

satisfy the e¢ ciency rules for public inputs even if it chooses a positive tax

rate in the case of a unit tax. On the other hand, the federal government

uses a labour income subsidy to achieve the second-best allocation, however,

it can replicate the government in a unitary jurisdiction without a negative

inter-governmental transfer also in the case of an ad-valorem tax.
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1 Introduction

Following the seminal remarks by Boadway and Keen (1996), who considered

the model of public goods provision by di¤erent tiers of government and

pointed out that the federal government should choose a negative tax rate

as the subsidy for the common tax base in order to internalize a vertical tax

externality (thus requiring negative inter-governmental transfers from the

states to �nance the federal public good), one of the issues in the literature

on vertical �scal externalities has been the sign of the federal tax rate and

the direction of transfers in various theoretical models. One stream considers

asymmetry or migration between states.1 The other stream applies di¤erent

instruments of taxation and the type of public expenditure.2

Kotsogiannis and Martínez (2008) assume that both tiers of government

use ad-valorem labour income taxes instead of the unit tax in the Boadway�

Keen (BK) model. According to their main results, since the federal tax

revenue by ad-valorem taxation includes not only a shrinkage of employment

but also a rise in the wage rate as a state tax increases, a positive vertical

externality can be seen if the demand for labour is inelastic. Thus, the federal

government can choose a positive tax rate and positive transfers to the states

in that case. Dahlby and Wilson (2003) and Martínez (2008) assume that

states provide public inputs and the federal government provides the public

good in an ad-valorem tax model. The main remarks from their analyses

are that vertical �scal externalities by tax-setting and public input provision

are independent, and thus, the matching grant is needed to internalize the

1See, for example, Boadway et al. (1998) and Sato (2000).
2The arguments about applying di¤erent types of taxation or public expenditure have

also been made in analyses of horizontal externalities in terms of whether public input is
over- or under-provided in capital tax competition (e.g., Zodrow and Mieszkowski [1986],
Noiset [1995] and Matsumoto [1998] ) and whether unit tax or ad-valorem tax causes more
miserable tax competition that brings about more ine¢ ciently lower level of public good
(e.g., Lockwood [2004] and Akai et al. [2011]).
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vertical externality by public input.3

This paper aims to investigate public input provision by unit labour tax

�nancing and ad-valorem labour income tax �nancing in a model of vertical

�scal externalities. We �rstly consider the model of joint provision of public

inputs �nanced by unit labour taxes, which has a characteristic of counter-

setting to the BK model with respect to the type of public expenditure.

Then, we extended the model to the ad-valorem labour income taxation,

which is the joint provision of public inputs version of the Dahlby�Wilson�

Martínez (DWM) model.

One of the purposes of this paper is to consider the dominance issue

of the vertical externalities by tax and public input by extending the BK

model to the public input version, as state public input is considered to

cause a positive externality on the federal budget while state tax brings

about a negative externality. Productivity enhancing public inputs can be

considered to increase employment as a result of enhancing the demand

for labour in contrast to consumable public goods in the BK model, which

a¤ect only the household utility. Hence, it is supposed that the conditions

for, and thus the results of, optimization behaviour of the federal and state

governments are di¤erent from those in the BK model.

Another purpose of this paper is to re-consider the mechanism of vertical

�scal externalities in the model of ad-valorem tax-�nanced public input. Al-

though Dahlby and Wilson (2003) and Martínez (2008) have already studied

the model of public input, the vertical externalities by the state tax and pub-

lic input are impossible to compare because of unobvious signs that highly

depend on the properties of the production function in their model. As

3Although Wrede (2000) and Madies (2008) are also cited in the literature on verti-
cal �scal externalities with public input, they are di¤erent from ours with respect to a
framework because they assume a Nash game between the federal government and states.
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mentioned above, the federal tax revenue by ad-valorem taxation includes

changes in both employment and the wage rate. The wage rate always rises

irrespective of whether the tax rate or public input increases, while employ-

ment increases with public input and inversely moves as the state tax rate

rises. Consequently, the relation between the vertical externalities of the

state tax and public input has been considered to depend on the degree of

the rise of the wage rate, which is in�uenced by the elasticities of labour

demand and supply in the literature.

To avoid such complications, Dahlby and Wilson (2003) have discussed

only on the optimal condition for the state government�s policy without

solving the maximization problem of the federal government and suggested

a necessity of a matching grant as an additional federal policy instrument to

internalize the vertical externality, which means that the federal government

cannot achieve an e¢ cient result by existing policy instrument in the model

of ad-valorem tax. Martínez (2008) has imposed a speci�c condition that

requires each of vertical externality of state tax and state public input to

be respectively internalized on the solution of the maximization problem of

the federal government. However, the implication is inconsistent with the

assumption as we will explain later in the paper.

In contrast to these previous literature, we comprehensively characterize

the equilibrium policy variables in the Stackelberg game which is generally

employed in the literature on vertical �scal externalities, by solving the

maximization problems of the federal and state governments without any

speci�c assumptions. The neutrality theorem of state public input which

is derived from the investigation on the model of unit labour tax �nancing

is signi�cantly helpful to understand the mechanism of the vertical �scal

externalities in the model of ad-valorem tax �nancing; that is, it shows that
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the state public input is neutral to employment irrespective of whether it is

�nanced by a unit labour tax or an ad-valorem labour income tax.

We show that the federal government can internalize vertical �scal ex-

ternalities and satisfy the e¢ ciency rules for public inputs even if it chooses

a positive tax rate in the model of unit labour tax �nancing, which contrasts

with the remarks concerning the BK model. Furthermore, the second-best

rules for public expenditure by the tiers of government with a positive fed-

eral tax can be achieved irrespective of the type of federal expenditure if

only the states provide public inputs by unit labour tax �nancing.

On the other hand, in the model of ad-valorem tax �nancing, we present

that the federal government internalizes vertical �scal externalities by using

a labour income subsidy which is comparable to the matching grant men-

tioned by Dahlby and Wilson (2003), and, furthermore, that it does not

need negative inter-governmental transfers from the states. In contrast to

the DWM model, our results do not require an additional policy instrument

to internalize the vertical externalities and a speci�c condition for solving

the optimization problem.

The remainder of this paper is organized as follows. We outline the model

of vertical �scal externalities with public input provision by unit labour tax

�nancing in section 2 and characterize the equilibrium in the situation of

separated government structure in section 3. Then, we consider the model

of ad-valorem labour income tax �nancing in section 4. Finally, we provide

concluding remarks in section 5.

2 Basic Model

In line with a common method of study of vertical �scal externalities, we

construct a model in which two tiers of government use labour taxation in
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order to provide public inputs. The model here is basically same as the

Boadway-Keen (BK) model except utilizing public inputs instead of public

goods. There are symmetric and small k(> 1) states in the federation. A

representative household in each state has utility of the form u(x; l), which

has the usual properties; that is, it is quasi-concave, increasing in x, and de-

creasing in l, where x is a private good (and numeraire) and l is labour. Since

interstate migration is not assumed in this paper, the number of household

is normalized to one.

The public input by a state government, denoted by e, is �nanced by

taxation on labour l at rate t. The federal public input E is also �nanced by

labour taxation at rate T . The consolidated tax rate is denoted by � � t+T .

The representative household maximizes u(x; l) subject to the budget

constraint x = (w��)l, where w is the gross wage rate and the net wage rate

(w��) is denoted by w. Labour supply, denoted by l(w), is implicitly de�ned

by the �rst-order condition of household maximization. It is assumed that

l0(w) > 0.4 Indirect utility, given by v(w) = u(wl; l), derives an envelope

property, v0 = uxl.

Output is produced in each state with production technology f(h; l; p),

which has properties f(h; 0; p) = 0, fi > 0, fii < 0, and fij = fji > 0,

8i; j = h; l; p. Output can be transformed into x, e and E without addi-

tional cost. Since h is assumed as a �xed factor (e.g. land) and to be owned

by private �rms, the pro�ts appear in the private sector. The public input

in each state is denoted as p and is jointly provided by the state and the fed-

eral government with quasi-concave and homothetic properties: p = p(E; e).

For example, we imagine a road system (p) in a jurisdiction organized by

interstate highways (E) and state roads (e). E is assumed to be the pure

4For this inequality, two assumptions are needed: an additive-separability of utility
function and a linearity of the partial utility concerning x.
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public input between states; that is, its increase everywhere contributes to

production in every state by improving the convenience of road transport.

We assume that p is a factor-augmenting public input, and thus de�ne pro-

duction technology as constant return to scale in private factors only;5 that

is:

f = fhh+ fll; fp = fhph+ flpl: (1)

The private sector competitively maximizes pro�ts, given by � = f(l; p)�

wl, and chooses a demand for labour that satis�es fl(l; p) = w. Since a

labour market is assumed to satisfy the condition of a perfectly competitive

equilibrium, w is given by w = w(� ; p). Let z � wl0

l (> 0) denote the

elasticity of the labour supply with respect to the gross wage rate and let

� � fl
lfll
(< 0) denote the elasticity of the demand for labour; then, we obtain

w� =
z
z�" > 0, w� = w� � 1 =

�
z�� < 0, and wp = �

�
z��flp > 0, where the

inequalities follow from w > 0 and flp > 0. From these marginal impacts of

policy variables on the wage rate, we obtain the following relation for later

use:

�wp
w�

= flp: (2)

From the total di¤erential of the indirect utility function with respect to �

and p, we recognize that the left hand side of (2) represents a marginal rate of

substitution (MRS) between the burden of consolidated tax and the bene�t

from jointly provided public input regarding indirect utility. Eq. (2) shows

the MRS is equalized to the marginal contribution of public input on the

5See Feehan (1989) for detailed consideration about the type of public input. Although
we examined the model with unpaid-factor type public inputs, following Feehan and Batina
(2007), the main result was same as that in the model with factor-augmenting type. Hence,
we do not mention the type of public input in the rest of this paper.
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marginal productivity of labour by optimization behaviours of households

and private �rms.

In the same manner as the BK and the Dahlby�Wilson�Martínez (DWM)

models, the pro�ts � are assumed to be taxed by the federal government at

rate � and by the state at rate (1 � �), where 0 � � � 1.6 The marginal

impacts of � and p on � can be derived as �� = �w� l < 0 and �p =

fp � wpl > 0, respectively.7

Before the analyses, we consider the benchmark obtained in a unitary

jurisdiction where the government maximizes kv(w) by choosing � and two

public inputs subject to the consolidated budget constraint E+ke = k(� l+

�). From the �rst-order conditions, we obtain

fppE =
1

k
; (3)

fppe = 1: (4)

Eqs. (3) and (4) show the second-best rules for federal public input E and

state public input e, respectively. These equations seem to follow Kaizuka�s

(1965) condition in a federal system; however, the quantities of E and e are

not same as those in the case of a lump-sum tax.8

6The reasons why we still assume that 100% of the pro�ts are acquired by public sector
even though this assumption is strong and unreal are the follows. First, a main objective
of this paper is to �nd whether our results will be di¤erent from those particularly in
the BK model, by utilizing the assumption on the provision of public inputs. Second,
under the assumption of a controllable pro�t tax by both tiers of government, it is easily
supposed that they choose only the pro�t tax whose incidence falls on a �xed production
factor h in order to avoid the shrinkage of a labour tax base.

7Using (1) and wp = � �
z��flp, and noticing that 0 <

��� �
z��

��� < 1, one can con�rm that

�p = fp � wpl > 0.
8Feehan and Matsumoto (2002) discuss the production e¢ ciency of public inputs �-

nanced by a distortionary tax in a general equilibrium model. Similar to their indication,
the �rst-order condition for � is derived as k�

ux
= 1�

1� �l0
l

� in our model, where � denotes
the Lagrangian multiplier. The right hand of this condition includes the marginal cost of
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Then, we summarize the budget constraints of the state and the federal

government. Denoting by S an inter-governmental transfer, each of them is

given as follows:

tl + (1� �)� + S � e = 0 � 	; (5)

T l + �� � S � E
k

= 0: (6)

Note that the state budget constraint is denoted by 	 as an implicit function

for later use.

Denoting by R the federal tax revenue, the marginal impacts of the state

policy variables on the federal tax revenue are summarized as follows:

Rt = T l0w� + ��� ; (7)

Re =
�
T l0wp + ��p

�
pe: (8)

Similar to the remark by Boadway and Keen (1996) on a unit labour tax,

we assume that a negative vertical tax externality; that is, the sign of (7) is

also assumed to be negative in our model. On the other hand, according to

(8), the budgetary impact of state public input is positive.

The main contrast between our paper and the previous literature is the

aim of the federal government�s policy toward these vertical externalities. In

other words, while the federal government is assumed to eliminate vertical

externalities in the literature; that is, Rt = 0 in Boadway and Keen (1996)

and Rt = Re = 0 in Martínez (2008), our model does not need such a

public funds (MCPF) with respect to a shrinkage of employment. Therefore, we call (3)
and (4) the second-best rules, not the �rst-best rules mentioed by Kaizuka (1965).

8



condition for solving the optimization problem of the federal government.

3 Optimal policies in a separated government

Next, we consider the optimal policies in the case of a separated government

in a basic model. In line with a basic scenario of vertical �scal externalities,

we assume the federal government as a Stackelberg leader to choose its policy

variables at the �rst stage and the state governments as followers to choose

t and e at the second stage. Since we solve the game by backward induction,

we begin to characterize the optimization problem of the follower.

3.1 The state�s problem

A representative state as a follower ignores the impacts of its decision on

the federal budget described by (7) and (8), and thus chooses t and e to

maximize v(w) subject to (5), taking T , E, S, and � as given. Denoting

by � the Lagrangian multiplier of the state�s optimization, the �rst-order

conditions for t and e are derived respectively as follows:

v0w� + �	t = 0; (9)

v0wppe + �	e = 0: (10)

Combining them derives

	e
	t

=
wp
w�
pe: (11)

Using (1), (2) and (11), we obtain
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fppe = 1 + � (fp � flpl) pe

= 1 + �fhphpe: (12)

Comparing (12) to (4), we recognize that state public input is underpro-

vided, because the sign of the second term on the right hand side of (12)

is positive. This term directly represents the federal government�s share of

the pro�t gain for a �xed factor yielded by the state public input, and the

marginal cost of public funds (MCPF) for the state.

To consider why the term appears in the optimal condition for the state

public input, we use the following relation which is derived from a total

di¤erential of (5) with respect to t and e subject to a balanced budget rule.

dt = �	e
	t
de (13)

Denoting by l0w�dt + l0wppede a total impact of state tax and state public

input on employment and inserting (11) and (13) into the foregoing impact,

we obtain

l0w�dt+ l
0wppede = l

0w�

�
�wp
w�
pede

�
+ l0wppede = 0: (14)

Eq. (14) gives the following neutrality theorem.

Theorem A unit labour tax-�nanced state public input is neutral to employ-

ment.

In a diagrammatic image of a labour market, the �rst term on the left

hand side of (14) represents that the labour supply curve shifts to left in

response to a rise in state tax, while the second term on the LHS of (14)
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means the shift of the labour demand curve to right in response to an increase

in state public input. Consequently, the impacts of state tax and state public

input on employment can completely o¤set each other by the optimization

behaviour of the state government, and thus the only rise in the gross wage

rate is remained a labour market.

This neutrality theorem, which is a distinctive feature of the model,

brings about an interesting result as the following. Using (2), (11), (13),

and (14), the total di¤erential of the federal tax revenue R with respect to

t and e gives

Rede+Rtdt = � (�p + flp�� ) pede

= � (fp � flpl) pede

= �fhphpede: (15)

From (15), we understand the meaning of the second term on the RHS of

(12) as the following proposition.

Proposition 1 The vertical �scal externalities by state tax and public input

are reduced to the increase in the federal pro�t tax revenue in the model where

the state government provides public input by unit labour tax �nancing.

While, in the previous literature, a vertical externality is mainly imag-

ined as the shrinkage of employment caused by state government taxation,

which is ignored by the state, the impact of taxation on employment is o¤-

set by that of public input in the model of state public input provision as

discussed above. This means that the federal government does not have to

consider an additional distortion caused by the reaction of the state in a

11



labour market in the maximization problem of the federal government.

On the other hand, we con�rm from (15) that an increase in the pro�t,

and thus the federal pro�t tax revenue if � > 0, is happened as a result

of the optimization behaviour of the state. Eq. (12) shows that the state

treats such a partially shifting of the pro�t gain to the federal government

revenue as the MCPF because the state cannot be aware that it brings about

an increase in the federal public input which contributes production of the

private sector in the state.

This evidence can be seen only in the model of state public input pro-

vision, not in the BK model in which the state public good still has a dis-

tortional e¤ect on employment even though it is �nanced by unit labour

tax.9

3.2 The strategy of the federal government

We next consider the maximization problem of the federal government, re-

turning to the �rst stage. While it is obvious from (12) that the second-best

rule for e can be achieved as � = 0 is exogenously assumed, we have an

interest in whether the federal government can endogenously choose � = 0

as the optimal pro�t tax rate to internalize vertical �scal externalities and

what the sign of the federal labour tax is.10

Transforming (12) into �flplpe + (1 � �)fppe � 1 = 0 and denoting it

by 
 as an implicit function, we obtain following two-equation system by

the total di¤erentials of 
 and 	 with respect to the federal and the state

variables.
9This can be con�rmed by (23) in Boadway and Keen (1996).
10Although the federal government in the BK model might be able to choose � endoge-

nously, the equilibrium federal tax rate must be zero in the case because a vertical tax
externality cannot be eliminated only by setting � to be zero. Therefore, negative inter-
governmental transfers are still required to �nance the federal public good in the case of
the BK model. See p. 147 of Boadway and Keen (1996).
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	t 	e
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0B@ dt
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1CA = �

0B@ 
T 
E 
S 
�

	T 	E 	S 	�

1CA
0BBBBBBB@

dT

dE

dS

d�

1CCCCCCCA
From standard procedures for comparative statics, the reactions of the state

to the federal policy variables are derived as follows.

tT = �1 + �
el, tE = �(
E	e � 
e	E) ,

tS = ��
e, t� = �(
�	e � 
e	�) ,

eT = ��
tl, eE = �(
t	E � 
E	t) , (16)

eS = �
t, and e� = �(
t	� � 
�	t) ,

where � = �1

t	e�
e	t , which has to be negative for the stability of the

system. In the manipulation, we use 
t = 
T , 	t = 	T + l, 
S = 0, and

	S = 1. While we cannot identify the sign of each reaction of the state in

(16), we at least know that each sign does not become zero without very

speci�c conditions.

The federal government chooses T , E, S, and � to maximize kv(w) sub-

ject to (6) and (16). Denoting by � � v(w) + �
�
T l + �� � S � E

k

�
the fed-

eral government�s Lagrangian function, we obtain the following �rst-order

conditions for policy variables, respectively:
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�� (1 + tT ) + �ppeeT + �l = 0, (17)

�� tE +�p (peeE + pE)�
�

k
= 0, (18)

�� tS +�ppeeS � � = 0, (19)

�� t� +�ppee� + �� = 0, (20)

where �� � vww� + � [T l0w� + ��� ] and �p � vwwp + � [T l0wp + ��p].

From the �rst (tT ), third (tS), �fth (eT ), and seventh (eS) equalities in

(16), we derive 1 + tT = �tSl and eT = �eSl. Using them, we �nd that

eqs. (17) and (19) are completely equivalent, that is, the following remark

is obtained.

Remark 1 S is not compatible policy variable with T in the current model.

Remark 1 means that the �rst-order condition for the inter-governmental

transfer is redundant in the optimization problem of the federal government

in our model. This is an essential di¤erence between our model and the BK

model.

In the BK model, where both tiers of government provide public goods,

the federal government has to consider two types of distortional e¤ect of

its labour tax on employment; the one caused by itself and the other via

a reaction of the state. On the other hand, an inter-governmental lump-

sum transfer brings only an income e¤ect on the state�s budget. Therefore,

the �rst-order conditions for the federal labour tax and the transfer are

not equivalent, and thus a negative inter-governmental transfer is needed to

avoid the distortion of the federal labour tax, in particular, which is caused

by the state�s reaction, and to �nance federal public good in the BK model.11

11Applying our manipulation to the solution in the BK model, one can con�rm that
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In contrast, the federal government does not have to consider such a

distortion via the reaction of the state in a labour market as above-discussion

on proposition 1.12 Therefore, the negative inter-governmental transfer is

not needed for �nancing the federal public input in our model.

For this reason, the optimization problem of the federal government can

be reduced to (17), (18), and (20). After algebraic manipulation, these

equations are transformed into the follows.

l�+ �	t (fppe � 1) eT = 0, (21)

�pE
pe
�+ �	t

�
(fppe � 1) eE + fppE �

1

k

�
= 0, (22)

��+ �	t (fppe � 1) e� = 0, (23)

where � � v0w� + � [l + (t+ T ) l0w� + �� ].

From (21), (22), and (23), we obtain the following proposition.

Proposition 2 In the model where both tiers of government jointly provide

public inputs by unit labour tax �nancing, the federal government can inter-

nalize vertical �scal externalities and replicate the government in a unitary

jurisdiction by devolving the pro�t tax to the state.

Proof. Eqs. (21) and (23) derive � = 0 and fppe = 1, that is, � = 0. Using

them, we obtain fppE = 1
k from (22).

Direct e¤ects of tax-setting and public input provision by the federal

government on employment can o¤set each other in the same manner as the

1 + tT 6= �tSl and gT 6= �gSl, where g denotes a state public good.
12Notice that the above-mentioned equalities 1+ tT = �tSl and eT = �eSl do not mean

that the e¤ects of the federal labour tax and the negative transfer on the state�s behaviour
are parallel but that they are indi¤erent for the federal government�s Lagrangian function.
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state�s optimization shown by the neutrality theorem. In addition, � = 0

derives an e¢ cient level of state public input. Therefore, the federal govern-

ment can achieve the second-best allocation by relinquishing control of the

pro�t tax.

Furthermore, we �nd that the pair of equilibrium conditions, � = 0 and

� = 0, leads the following.

Proposition 3 The federal government sets its labour tax rate T to be

positive as � = 0 and � = 0, which are the equilibrium conditions of the

Stackelberg game where the federal government behaves as the leader and

state governments are followers.

Proof. Noting that we assume the absence of the La¤er e¤ect in the same

manner as the previous literature; that is, it is assured for both tiers of

government that a rise in its own tax rate can increase its own tax revenue

despite of the shrinkage of employment. This means that 	t > 0 and � > 0

from (9). Since l+(t+ T ) l0w�+�� in the square brackets on � is equivalent

to the impact of tax rate change on the tax revenue of the government in

a unitary jurisdiction,the sign of this term is positive. Thus, � = v0w� +

� [l + (t+ T ) l0w� + �� ] = 0 derives � > 0 because the sign of v0w� is de�ned

as negative. Then, inserting (9) into �, we rewrite � = 0 as (�� �)	t +

� (T l0w� + ��� ) = 0. Since we consider the situation of a negative vertical

tax externality in order to compare our result with that in the BK model, the

sign of the second term of the foregoing equation is con�rmed to be negative

by referring to (7). Then, we obtain that � � � > 0. When the federal

government chooses � = 0, it is derived that �j�=0 = (�� �)	t+�T l0w� =

0. Consequently, we �nd that the optimal federal tax rate in this case is

described as T = �1
�l0w�

(�� �)	t > 0.13

13 It would be slightly unusual that the optimal federal tax rate includes the Lagrangian
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We can con�rm that t > 0 at the equilibrium as the follows. First, we

obtain that 	tj�=0 = l+ tl0w� +�� > 0 under the condition � = 0. It derives

t = � 1
l0w�

(�� + l). Then, remembering that �� = �w� l and w� = w� � 1,

we obtain that t = l
l0 > 0. Therefore, we recognize that both of the labour

tax rates of the federal and state governments are positive in the model.

Our proposition 3 does not require the assumption on the elasticities of

labour demand and supply which is most important to clarify the sign of

vertical externality in Kotsogiannis and Martínez (2008). Furthermore, as

mentioned by remark 1, an inter-governmental transfer is redundant policy

instrument in spite of a negative vertical tax externality in our model, in

contrast to the BK model.

3.3 Discussion with extensions

We obtain contrast remarks to those in Boadway and Keen (1996) by the

opposite model setting about government expenditure from theirs; that is,

the both tiers of government provide public inputs while the case of public

goods provision is considered in the BK model. However, it is somewhat

unobvious which modelling is signi�cant; state�s public input or the federal

public input. Therefore, we next discuss what results are obtained from

some extensions of the basic model: the case of divided responsibility be-

tween the federal and state governments in which the federal government

provides public good while the state government still provides public input,

on the other hand, the case of dual provider in which the state govern-

ment is assumed provide public good and public input whereas the federal

government provides public input only.

multipliers. However, we do not expand it further, because it is su¢ cient for proposition
3 that the sign of the optimal tax rate is positive.
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3.3.1 Division of responsibilities

The responsibility of each tier of government for public expenditure is di-

vided into public good and public input. We brie�y describe di¤erent aspects

of the basic model in section 2. First, a household�s utility function is formed

by u (x; l) +B (G), where B (�) is concave and increasing in G, which is the

pure public good provided by the federal government. Then, although the

properties of the production function are equivalent to those in the previous

model, public input p consists only of e in this model. The budget constraint

of the federal government slightly changes to T l + �� � S � G
k = 0 with G

instead of E. In this model, the second-best rule for G is represented as

kB0

ux
= 1

1� �l0
l

, while eq. (4) is again the rule for e.

We again solve the Stackelberg game where the federal government chooses

T , G, S and � at the �rst stage and the state government chooses t and e at

the second stage. By backward induction, we start to solve the problem at

the second stage. Since the optimization problem of the state is unchanged,

the �rst-order conditions are again represented by (9) and (10), and thus eq.

(12) is also derived. However, at the �rst stage, the following new condition

for G is derived instead of (18) in addition to (17), (19), and (20) from the

maximization of k [v (w) +B (G)] by choosing T , G, S and � subject to the

foregoing new budget constraint and state�s reaction.

B0 � �
k
= 0 (24)

As a result, the system of the �rst-order conditions can be reduced as follows.
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l�+ kB0	t (fppe � 1) eT = 0,

��+ kB0	t (fppe � 1) e� = 0.

where � � v0w� + � [l + (t+ T ) l0w� + �� ] again.

We recognize that � = 0 and � = 0 are the equilibrium conditions

again. Then, inserting (24) and � = 0 into �, we obtain the second-best

rule mentioned above under � = 0. In addition, inserting (9) and (24) into

�j�=0 = 0 gives the positive equilibrium tax rate, which is represented by

T = �1
kB0l0w�

(kB0 � �)	t, in this situation.14

Summarizing the above discussion in addition to proposition 3, the pair

of � = 0 and � = 0, which is the equilibrium condition in the model of joint

provision of public inputs and also in the model of division of responsibilities,

has a signi�cantly powerful meaning, as shown by the following proposition.

Proposition 4 The second-best rules for public expenditure of the tiers of

government with the positive federal tax can be achieved irrespective of the

type of federal expenditure if only the states provide public inputs by unit

labour tax �nancing.

3.3.2 Dual provision by states

Then, we go back to the basic model and apply another extension in which

the state government provides both of public good and public input whereas

the federal government provides public input only. A household�s utility

function is formed by u (x; l)+ b (g), where b (�) is concave and increasing in

g, which is a public good provided by the state government in addition to

14Using kB0 instead of �, the proof of proposition 3 can be applicable to this situation.
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state public input. The budget constraint of the state government slightly

changes to tl+(1� �)�+S� e� g = 0. In this model, the second-best rule

for g is represented as b0

ux
= 1

1� �l0
l

, while eqs. (3) and (4) are still needed as

the second-best rules for E and e.

We again solve the Stackelberg game where the federal government at

the �rst stage chooses T , E, S and � and the state government at the

second stage chooses t, e and g, by backward induction. The following

new condition for g is derived in addition to (12) from the maximization

of v (w) + b (g) by the state choosing t, e and g, subject to a new budget

constraint aforementioned.

b0

ux
=

1

1� tl0
l � �flll0

(25)

Eq. (25) is equivalent to (22) in Boadway and Keen (1996), and means that

the second-best rule for g cannot be achieved only by � = 0, unlike the rule

for state public input. Since the state government appraises the marginal

cost of public good ine¢ ciently low, state public good is overprovided.

Then, in the optimization problem of the federal government at the �rst

stage where k [v (w) + b (g)] is maximized by choosing T , E, S and � subject

to (6) and state�s reaction, the �rst-order conditions for the federal policy

variables are consequently summarized as the follows.15

15Readers can acquire from the authors the algebraic procedure for the following equa-
tions in detail.
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l�+ � [	t (fppe � 1) eT + ��gT ] = 0,

�pE
pe
�+ �

�
	t

�
(fppe � 1) eE + fppE �

1

k

�
+ ��gE

�
= 0,

��+ � [	t (fppe � 1) eS + ��gS ] = 0,

��+ � [	t (fppe � 1) e� + ��g�] = 0,

where gT , gE , gS and g� denote the changes in g in respond to the marginal

changes in T , E, S and �, derived by comparative statics using (12), (25)

and the aforementioned new budget constraint of the state. In this case, the

�rst-order conditions for T and S are not equivalent because gT 6= gSl. 	t

here denotes the partial derivative of an implicit function from the afore-

mentioned state�s new budget constraint, and �� = T l0w� + ��� , while

� � v0w� + � [l + (t+ T ) l0w� + �� ] again.

From these equations, we obtain that � = 0, � = 0 and T = 0 are the

equilibrium conditions in the case, that is;

Proposition 5 In the model where the states provide public goods and public

inputs whereas the federal government provides public input only, the federal

government should set its labour tax rate to be zero in order to internalize

vertical �scal externality, and thus requires a negative inter-governmental

transfer in order to �nance its public input, even if the state public input is

�nanced by unit labour tax.

As we discussed about the neutrality theorem, the impacts of state tax

and state public input on employment can completely o¤set each other by

the optimization behaviour of the state government, and thus the vertical

�scal externalities concerning state public input provision are reduced to
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an increase in the federal pro�t tax revenue as mentioned by proposition

1. Hence, it can be internalized by choosing � = 0. However, the vertical

�scal externality concerning state public good provision in the case remains

in the same ways of the BK model. Therefore, the federal government

should choose zero labour tax rate to replicate the government in a unitary

jurisdiction, in addition to relinquishing control of the pro�t tax.16

Proposition 5 clari�es that the vertical �scal externality concerning state

public good provision is independent from those concerning state public

input provision, and that they do not cancel out each other. Therefore, we

recognize that an essential problem of the vertical �scal externality is caused

by the provision of state public good not state public input in the case where

a unit labour tax is employed to �nance it.

4 Public �nance by ad-valorem tax

Finally, we discuss a di¤erence between the cases of unit labour tax �nancing

and ad-valorem labour income tax �nancing. Although Dahlby and Wilson

(2003) and Martínez (2008) have already examined the model with public

input �nanced by ad-valorem tax, as mentioned in introduction, we re-solve

the model with attention to the o¤set e¤ect between vertical externalities of

state tax and state public input highlighted by the neutrality theorem and

proposition 1 in contrast to the Dahlby�Wilson�Martinez (DWM) model

in which each of vertical �scal externalities is assumed to be internalized

respectively in the optimization problem of the federal government.

16One might guess the reason why the distortion concerning state public good provision
is remained is that an additive-separability of utility function removes a complementarity
between labour supply and public good comsumption. However we con�rmed that the
result does not depend on the form of the utility function, by utilizing the form u =
x+ � (l; g) which has �l < 0, �ll < 0, �gg < 0 < �g and �lg > 0.
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4.1 The model and the state�s optimization

Since the model here is almost same as the basic model in section 2 except

taxation, di¤erent aspects are summarized as the follows. First, household�s

budget constraint is described as x = bwl with a net wage rate bw = (1� �)w,
and then indirect utility, given by v( bw) = u ( bwl; l), derives an envelope
property, v0 = ux(1 � �)l. Second, since we obtain w� = w

1��
z
z�� > 0,

bw� = (1� �)w� �w = w �
z�� < 0, and wp = �

�
z��flp > 0 from maximization

condition for the private sector,17 eq. (2) is rewritten by using them as the

following:

�wpbw� = flp
w
: (26)

Finally, the budget constraint of each tier of government is rewritten respec-

tively as follows:

twl + (1� �)� + S � e = 0 � b	, (27)

Twl + �� � S � E
k

= 0. (28)

Again, it is noticed that the state budget constraint is denoted by b	 as an

implicit function for later use.

Eqs. (3) and (4) again show the second-best rules for federal public input

and state public input even in the model of an ad-valorem tax �nancing.

Then we consider the optimal policies of the federal and state governments.

We again assume the game structure same as that in section 3; that is, the

federal government as a Stackelberg leader chooses T , E, S, and � at the �rst

17Each of z and � respectively denotes the elasticity of the labour supply with respect
to the gross wage rate and the elasticity of the demand for labour, same as in the basic
model.
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stage and the state governments as followers choose t and e at the second

stage, taking the federal government�s policy variables as given. We solve

the game by backward induction.

We begin to consider the optimization problem of the follower. A rep-

resentative state as a follower chooses t and e to maximize v( bw) subject to
(27), taking T , E, S, and � as given. The �rst-order conditions for t and e

are

v0 bw� + �b	t = 0;

v0(1� �)wppe + �b	e = 0:

Combining them derives

b	eb	t = (1� �)wpbw� pe: (29)

Using (1), (26) and (29), we obtain

fppe = 1 + �(fp � flpl)pe + Tflplpe

= 1 + (�fhph+ Tflpl) pe (30)

Comparing (30) and (12), we �nd another term of the vertical external-

ities denoted by Tflplpe in addition to the original one which is represented

by the increase in the federal pro�t tax revenue �fhphpe.

Let us consider the meaning of this new term in the same manner to

section 3, by using the following relation, which is derived from a total

di¤erential of (27) with respect to t and e under the balanced budget rule.
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dt = �
b	eb	t de (31)

Denoting (l� + l0w� ) dt + l0wppede the total impact of state tax and public

input on employment and inserting (26), (29) and (31) into this impact,18

we obtain

�
l� + l

0w�
�
dt+ l0wppede =

� bw� l0
1� �

��
�(1� �)wpbw� pede

�
+ l0wppede = 0:

(32)

Thus, eq. (32) gives the following.

Proposition 6 The neutrality theorem is satis�ed on the state public input

�nanced by an ad-valorem labour income tax.

It is signi�cant in the model that the state public input is neutral to

employment irrespective of the type of labour taxation; a unit labour tax

or an ad-valorem labour income tax. This means that we do not need to be

concerned about the elasticities of labour demand and supply in the model

of state public input provision in contrast to Kotsogiannis and Martínez

(2008) who compare the e¤ect of the shrinkage in employment and that of a

rise in the gross wage rate in order to clarify the sign of vertical externality.

Then, denoting by Tr�dt + Trppede the sum of the impacts of state

tax and state public input on the federal labour income tax revenue with

de�ning a gross labour income r = wl, we obtain by using (26), (29), (31)

and (32) the following:

18 In the case of ad-valorem tax, we derive l0(= @l
@w
) and l� (= @l

@�
) from comparative

statics on the �rst-order conditions of houshold�s maximization. Futhermore, l� = � w
1�� l

0

is derived from the assumption on the utility function mentioned by footnote 4.
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Tr�dt+ Trppede = Tw
��
l� + l

0w�
�
dt+ l0wppede

�
+ T l [w�dt+ wppede]

= Tflplpede: (33)

Eqs. (32) and (33) give a following consideration about (30).

Proposition 7 In the case of the state public input �nanced by an ad-

valorem labour income tax, the vertical �scal externalities are reduced to the

increase in the federal pro�t tax revenue and the change in the federal labour

income tax revenue with respect only of the rise in the gross wage rate.

In the case of ad-valorem tax-�nanced public input, a rise in the wage

rate not only causes the pro�t gain but also directly a¤ects the federal

labour tax revenue, while the level of employment is consequently unchanged

because the shifts of the labour demand and supply curves cancel each other

out.19 It is remarkable that proposition 7 does not depend on the extent

of the elasticity of labour demand and supply. However, remembering that

the signs of �fhph and flpl in (30) are de�ned as positive, we recognize that

the sign of the reduced vertical �scal externality is considered to be each

of following three cases: (i) consistently positive as T > 0, (ii) zero when

T = � = 0, or (iii) depending on the size of the absolute values of �fhph and

Tflpl as T < 0.

4.2 The federal�s optimization

Next, we consider the maximization problem of the federal government in

a similar way of subsection 3.2. As aforementioned, since it is obvious that

T should be zero if � is exogenously become zero, we again assume that the
19The evidence was not remarked by Dahlby and Wilson (2003) and Martínez (2008).
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federal government endogenously chooses T and � in addition to E and S

to maximize kv( bw) subject to (28) and the reaction of the state. By similar
procedures for comparative statics with those in subsection 3.2, we sum-

marize the following �rst-order conditions for the federal policy variables,

respectively:

b�� (1 + tT ) + b�ppeeT + �wl = 0, (34)

b�� tE + b�p (peeE + pE)� �
k

= 0, (35)

b�� tS + b�ppeeS � � = 0, (36)

b�� t� + b�ppee� + �� = 0, (37)

where b�� = vw bw� + � (Tr� + ��� ) and b�p = vw (1� �)wp + � (Trp + ��p).
From the results of the comparative statics, we derive 1 + tT = �tSwl

and eT = �eSwl. Therefore, we obtain the following remark.

Remark 2 S is also incompatible policy variable with T in the model where

both tiers of government provide public inputs �nanced by ad-valorem labour

income taxes.

As explanation for remark 1, the federal government can ignore the dis-

tortion via the reaction of the state in a labour market also in the case of

the ad-valorem labour income tax due to the neutrality theorem con�rmed

by proposition 6. Therefore, the negative inter-governmental transfer is not

needed to avoid the distortion and �nance the federal public input also in

this model.

Again, we can reduce (34) �(37) to the following equations after algebraic

manipulations:
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wlb�+ �b	t (fppe � 1) eT = 0, (38)

�pE
pe
(1� �) b�+ �b	t �(fppe � 1) eE + fppE � 1

k
� (t+ T ) pE

pe

�
= 0, (39)

�b�+ �b	t (fppe � 1) e� = 0, (40)

where b� � v0 bw� + � [wl + (t+ T ) r� + �� ] and b	t � wl + tr� + (1� �)�� .
In the same way of (21) � (23), eqs. (38) and (40) derive that b� = 0

and fppe � 1 = 0, and thus �fhph + Tflpl = 0 from (30). In addition to

them, (39) shows that t + T = 0 is the another equilibrium condition for

the current model. Since these equilibrium conditions, �fhph + Tflpl = 0

and t+T = 0, derive t = fhph
flpl

�, we conclude that the federal labour income

tax rate T is negative at the equilibrium while t is positive. Therefore, we

obtain the following proposition.

Proposition 7 In the model where both tiers of government jointly pro-

vide public inputs by ad-valorem labour income tax �nancing, the federal

government should set its labour income tax rate to be negative in order

to internalize positive vertical �scal externality which is denoted by an in-

crease in the federal pro�t tax revenue. However, in this case, the federal

government can replicate the government in a unitary jurisdiction without

a negative inter-governmental transfer.

As we have explained in subsection 3.1, the state treats a partially shift-

ing of the pro�t gain to the federal revenue as the MCPF, and thus under-

provides its public input. In order to correct such a decision-making of the

state and let its provision of state public input to achieve a second-best level,

the federal government sets a subsidy for labour income as a device to o¤set
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such a partially shifting of the pro�t gain at a margin. In this situation, the

federal government can e¢ ciently provide its public input which is �nanced

by the federal pro�t tax, when the absolute value of the subsidy rate T is

chosen to be equal to the state labour income tax rate t.

It is noticed that the condition �fhph + Tflpl = 0 is applied only to

the margin not to the level, and thus does not mean that the federal pro�t

tax revenue �� is equivalent to the amount of labour income subsidy Twl

(T < 0). That is, in the equilibrium, the federal government �nances its

public input and the labour income subsidy by the pro�t tax revenue without

a negative inter-governmental transfers from the state governments.

4.3 Comparison with the related literature

The results in this section can be compared with those in Dahlby and Wil-

son (2003) and Martínez (2008). First, eq. (30) is corresponding to (19) in

Dahlby and Wilson (2003). However, since they implicitly assume a posi-

tive federal labour income tax rate and discuss only on the optimal condition

for the state policy without solving the maximization problem of the fed-

eral government, they suggest only that a matching grant as an additional

federal policy instrument is needed to internalize vertical �scal externality.

Therefore, their remarks mean that the federal government cannot achieve

an e¢ cient provision of public inputs by existing policy instrument in the

model of ad-valorem tax �nancing.

On the other hand, our analysis shows that the federal government can

achieve the second-best allocation by choosing a labour income subsidy and,

however, does not need the additional instrument at the equilibrium of the

Stackelberg game which is a general procedure in the literature on vertical

�scal externalities.
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Next, from our consideration, it seems to be tricky to impose the con-

dition Rt = Re = 0 on solving the maximization problem of the federal

government in Martínez (2008),which means that each of vertical external-

ity of state tax and state public input is respectively internalized. To show

that, we derive the following two equations by partial di¤erentials of (28)

with respect to t and e:

Tr� + ��� = 0;

(Trp + ��p) pe = 0:

Combining them, we obtain

T [(1 + �)fp � �flpl] = 0; (41)

where � denotes the elasticity of the demand for labour, which we have used

in the paper.

In order to obtain the positive tax rate of the federal labour income tax

resulted in Martínez (2008), the term in the square brackets on the LHS of

(41) must be zero; that is,

flpl

fp
= 1 +

1

�
: (42)

The LHS of (42) is same as the elasticity of marginal productivity of state

public input with respect to employment mentioned in Martínez (2008).

Although Martínez (2008) shows the possibility of the positive tax rate

as this elasticity exceeds 1 under a speci�c production technology by solving

the optimization problem of the federal government under the condition
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Rt = Re = 0, eq. (42) indicates an inconsistency in the procedure because

� is de�ned to be negative.20

On the other hand, our �ndings show that such a speci�c condition is

not needed to solve the optimization problem and obtain a reasonable result

for a policy instrument choice of the federal government.

5 Concluding remarks

We investigated the role of labour (income) tax-�nanced public inputs by dif-

ferent tiers of government in a model of vertical �scal externalities. First, we

studied the model of joint provision of public inputs �nanced by unit labour

taxation, which has a characteristic of counter-setting to the Boadway�Keen

model with respect to the type of public expenditure. Then, we extended the

model to the ad-valorem labour income taxation, which is the joint provision

of public inputs version of the Dahlby�Wilson�Martínez model.

Our �ndings are summarized as the follows. First, the state public input

is neutral to employment irrespective of the type of taxation; a unit labour

tax or an ad-valorem labour income tax. Secondly, the neutrality theorem

derives that the vertical �scal externalities are reduced to the increase in the

federal pro�t tax revenue in the case of a unit tax, and the change in the fed-

eral labour income tax revenue in addition to the pro�t tax revenue increase

in the case of an ad-valorem tax. Thus, thirdly, the federal government can

internalize vertical �scal externalities and replicate the government in a uni-

tary jurisdiction by relinquishing control of the pro�t tax even if it chooses

a positive tax rate in the case of a unit tax. Furthermore, fourthly, the

second-best rules for public expenditure of the tiers of government with the

20Notice that eq. (42) can be applied to the discussion in Martínez (2008) because it
does not depend on the property of production function.
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positive federal tax can be achieved irrespective of the type of federal expen-

diture if only the states provide public inputs by unit labour tax �nancing.

On the other hand, �nally, the federal government chooses a labour income

subsidy (the negative tax rate of its labour income tax) in order to inter-

nalize positive vertical �scal externality which is denoted by the increase in

the pro�t tax revenue, however, it can replicate the government in a unitary

jurisdiction without a negative inter-governmental transfer in the case of an

ad-valorem tax.

Our �ndings give contrasting implications to those o¤ered by Boadway

and Keen (1996). That is, the federal government can choose a positive

labour tax rate under the second-best allocation in the model of vertical

�scal externalities with public input provision by unit labour tax �nanc-

ing. In addition, the inter-governmental transfer is not necessary for the

achievement.

The federal subsidy for labour income derived from our result can be

considered as the reasonable embodiment of the implication suggested by

Dahlby and Wilson (2003). Moreover, our conclusion is distinctive in that it

does not depend on the condition that requires an additional matching grant

to be needed or a speci�c procedure for solving the optimization problem;

this is in contrast to the remarks by Dahlby and Wilson (2003) and Martínez

(2008).
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